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Abstract
We determine the energy spectrum and the corresponding eigenfunctions of a 2D Dirac
oscillator in the presence of Aharonov-Bohm (AB) effect . It is shown that the energy
spectrum depends on the spin of particle and the AB magnetic flux parameter. Finally,
when the irregular solution occurs it is shown that the energy takes particular values. The
nonrelativistic limit is also considered.
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1 Introduction
The Dirac oscillator was introduced for the first time by Moshinsky and Szczepaniak [1]. The
basic idea is that the momentum p is replaced in the free Dirac equation by p→ p− iMωβr,
where r is the position vector, M is the mass of particle and ω the frequency of the oscillator.
The Dirac oscillator has attracted much attention and has various physical applications [2, 3, 4],
particularly in semiconductor physics [5]. In the nonrelativistic limit, the Dirac oscillator
becomes an harmonic oscillator with strong spin-orbit coupling term.
Recently, the 2D electron systems has become an active research subject due to the advances
in nanofabrication technology like quantum wells, quantum wires, quantum dots, quantum Hall
effect and high superconductivity [5, 6]. Currently, the 2D parabolic potential V = 1
2
Mω2r2 is
often used to describe confined 2D systems in nonrelativistic case. For relativistic case, such
systems are described using the 2D Dirac oscillator [5].
On the other hand, the Aharonov-Bohm (AB) effect [7] leads to a number of remarkable
interference phenomena in mesoscopic systems [8], and has been used also to study the 2D
model in both superconductivity and particle theory [9]. In this article, in order to study
a bound state version of the AB effect, let us consider the 2D Dirac oscillator of relativistic
particle in the presence of the AB effect. The associate magnetic field is assumed to be confined
to a filament of vanishingly small radius and perpendicular to the plane where the particles are
confined to move. We study the dependence of the bound states energy and eigenfunctions on
the AB magnetic flux parameter and the spin of particle.
This paper is organized as follows. In Section 2, we solve the Dirac oscillator in polar
coordinates with an additional delta-function interaction due to the AB effect. In Section 3, we
analyze and discuss the energy spectrum and its degeneracy. The nonrelativistic limit is also
considered. Along the paper we adopt the natural units, ℏ = 1, c = 1 .
2 Solution of the Dirac equation
In the beginning, one writes the stationary Dirac equation for a particle of mass M in terms of
two-component spinors ψ
Eψ = (βγπ + βM)ψ, (1)
where π = p− eA is the minimally coupling and A is the vector potential.
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The 2D Dirac oscillator is defined by changing the momentum p in the Dirac equation
[5, 10] as
p→ p− iMωβr. (2)
The magnetic field H , associated to the AB effect, is assumed to be perpendicular to the plane
and confined to a filament of vanishingly small radius so that the flux [9, 11]
α = −e
∫ ∞
0
H(r)rdr, (3)
is finite and nonzero. Since, however, one would ultimately like to pass to the limit in which
the field is confined, H must be taken to be of the form [9, 11]
eH = −
α
R
δ(r −R), (4)
the corresponding form of the potential A in the Coulomb gauge is [9, 11]
eA =

 −
α
r
uθ, r > R,
0, r < R.
(5)
Then, the stationary Dirac equation of a 2D Dirac oscillator in the presence of the AB effect is
Eψ = [βγ (π − iMωβr) + βM ]ψ. (6)
Since we are using only two component spinors, the matrices β and βγi are conveniently defined
in terms of the Pauli spin matrices as
βγ1 = σ
1, βγ2 = sσ
2, β = σ3, s = ±1. (7)
Eq. (6) can be rewritten as
β [γ (π − iMωβr) +M − βE]ψ = 0. (8)
By applying the following matrix operator
[γ (π − iMωβr)−M − βE]β
to Eq. (8), we obtain
[
γ (π − iMωβr) γ (π − iMωβr)−M2 + E2
]
ψ = 0. (9)
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The first term in the left hand side can be computed as
γ (π − iMωβr) γ (π − iMωβr) = γπγπ + 2Mωβ + 2Mωs(π ∧ r)z β −M
2ω2r2
= γπγπ + 2Mωβ − 2Mωs [Lz + α]β −M
2ω2r2.
Thus, Eq. (9) reads
[
γπγπ −M2ω2r2 + 2Mω [1− s (Lz + α)]β + E
2 −M2
]
ψ = 0, (10)
where
γπγπ = −π2 + esσ3H, Lz =
1
i
∂
∂θ
.
Then, in the coordinates representation, Eq. (10) reads{
1
r
∂
∂r
r
∂
∂r
+
1
r2
(
∂
∂θ
+iα)2−M2ω2r2+E2−M2+2Mω
[
1− s(
1
i
∂
∂θ
+ α)
]
σ3−
αs
R
δ(r−R)σ3
}
ψ = 0,
(11)
we note that the last equation contains a spin-orbit coupling term.
Let us define the first component as
ψ1 =
+∞∑
m=−∞
fm(r)e
imθ, (12)
where the radial part satisfy the equation[
d2
dr2
+
1
r
d
dr
−M2ω2r2 −
(m+ α)2
r2
+ E2 −M2 + 2Mω [1− s (m+ α)]−
αs
R
δ(r − R)
]
fm(r) = 0.
(13)
Thus, it yields the following equations for the two regions[
d2
dr2
+
1
r
d
dr
− λ2r2 −
m2
r2
+ k2in
]
fm(r) = 0, r < R, (14)
[
d2
dr2
+
1
r
d
dr
− λ2r2 −
(m+ α)2
r2
+ k2out
]
fm(r) = 0 , r > R, (15)
where
k2out = E
2 −M2 + 2Mω [1− s (m+ α)] , (16)
k2in = E
2 −M2 + 2Mω (1− sm) , λ2 =M2ω2. (17)
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The general solution of the radial equation (15) is given in terms of the confluent hypergeometric
function
fm(r) = exp(−
Mω
2
r2)
{
Amr
(m+α)
1F1
(
1
2
[
m+ α + 1−
k2out
2Mω
]
, m+ α + 1,Mωr2
)
+Bmr
−(m+α)
1F1
(
1
2
[
1− (m+ α)−
k2out
2Mω
]
, 1− (m+ α) ,Mωr2
)}
, (18)
where Am, Bm and Cm are constants.
This equation can be rewritten as
fm(r) = exp(−
Mω
2
r2)
{
Amr
|m+α|
1F1
(
1
2
[
|m+ α|+ 1−
k2out
2Mω
]
, |m+ α|+ 1,Mωr2
)
+Bmr
−|m+α|
1F1
(
1
2
[
1− |m+ α| −
k2out
2Mω
]
, 1− |m+ α| ,Mωr2
)}
, (19)
and consequently for the two regions we have
fm(r)in = Cmr
|m | exp(−
Mω
2
r2) 1F1
(
1
2
[
|m|+ 1−
k2in
2Mω
]
, |m|+ 1,Mωr2
)
, (20)
for r < R, and
fm(r)out = exp(−
Mω
2
r2)
{
Amr
|m+α|
1F1
(
1
2
[
|m+ α|+ 1−
k2out
2Mω
]
, |m+ α|+ 1,Mωr2
)
+BmMωr
−|m+α|
1F1
(
1
2
[
1− |m+ α| −
k2out
2Mω
]
, 1− |m+ α| ,Mωr2
)}
, (21)
for r > R.
The effect of the delta function is then taken into account by means of the continuity
relations
fm(R− ε)in = fm(R + ε)out , (22)[
dfm(r)
dr
]R+ε
R−ε
=
αs
R
fm(R− ε)in . (23)
In the lowest order in R the confluent series and its first derivative behave like
[
1F1
(
a, c,Mωr2
)]
r=R
≈ 1, (24)[
d 1F1 (a, c,Mωr
2)
dr
]
r=R
=
2a
c
MωR, (25)
so Eq. (22) gives
CmR
|m | = AmR
|m+α| +BmR
−|m+α|. (26)
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By applying Eq. (22) and Eq. (23), one obtains for the unnormalized fm(r) for r > R (to
lowest order in R)
fm(r) = R
|m |
{
R−|m+α|
|m|+ |m+ α|+ αs+R2Mω
[
(|m|+ 1−
k2
in
2Mω
)
|m|+ 1
−
(1− |m+ α| −
k2
out
2Mω
)
1− |m+ α|
]
2 |m+ α|+R2Mω
[
−
k2
out
2Mω
|m+ α|+ 1
−
−
k2
out
2Mω
1− |m+ α|
]
× r|m+α| 1F1
(
1
2
[
|m+ α|+ 1−
k2out
2Mω
]
, |m+ α|+ 1,Mωr2
)
+R|m+α|
[
1−
(|m|+ |m+ α|+ αs) +R2Mω
[
(|m| + 1−
k2
in
2Mω
)
|m| + 1
−
(1− |m+ α| −
k2
out
2Mω
)
1− |m+ α|
]
2 |m+ α|+R2Mω
[
−
k2
out
2Mω
|m+ α|+ 1
−
−
k2
out
2Mω
1− |m+ α|
]
]
× r−|m+α| 1F1
(
1
2
[
1− |m+ α| −
k2out
2Mω
]
, 1− |m+ α| ,Mωr2
)}
exp(−
Mω
2
r2). (27)
By taking the limit R→ 0, (R2 ≈ 0), one clearly obtains
fm(r) = R
|m |
{
R−|m+α|
(
1
2
+
|m|+ αs
2 |m+ α|
)
r|m+α|
× 1F1
(
1
2
[
|m+ α|+ 1−
k2out
2Mω
]
, |m+ α|+ 1,Mωr2
)
+R|m+α|
(
1
2
−
|m|+ αs
2 |m+ α|
)
r−|m+α|
× 1F1
(
1
2
[
1− |m+ α| −
k2out
2Mω
]
, 1− |m+ α| ,Mωr2
)}
exp
(
−
Mω
2
r2
)
. (28)
We note that the computed coefficients of the last equation are the same as in [9]. Thus,
the solution of Eq. (13) in the limit R→ 0 must always be the regular one unless Eqs. (9) and
(10) of [9] are both satisfied. In this latter case only the irregular solution is allowed.
Eqs. (11.a) and (11.b) in [9] claim that the irregular solution occurs when
(a) m = −N, N ≥ 0, s = −1 or (29)
(b) m = −N − 1, N + 1 ≤ 0, s = +1, (30)
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then, the wave function ψ1 is given by
ψ1(r, θ) =
+∞∑′
m=−∞
amr
|m+α|
1F1
(
1
2
[
|m+ α|+ 1−
k2out
2Mω
]
, |m+ α|+ 1,Mωr2
)
e−
Mω
2
r2eimθ
+ θ(−s)θ(α)a−Ne
−iNθr−ξ 1F1
(
1
2
[
1− ξ −
k2out
2Mω
]
, 1− ξ,Mωr2
)
e−
Mω
2
r2
+ θ(s)θ(−α)a−N−1e
−i(N+1)θrξ−1 1F1
(
1
2
[
ξ −
k2out
2Mω
]
, ξ,Mωr2
)
e−
Mω
2
r2, (31)
where the prime on the summation indicates the omission of the two terms specified by
Eqs. (29),(30), and
α = N + ξ, 0 ≤ ξ < 1 and N is fixed integer. (32)
The confluent series behaves asymptotically at large positive values of its argument as
F (a, c, z)→
Γ(c)
Γ(a)
ezza−c, (33)
so, the wave function ψ1 behaves as
ψ1 ∼
+∞′∑
m=−∞
amr
|m+α|e
Mω
2
r2r
− 1
2
„
k
2
out
Mω
+|m+α|+1
«
+ θ(−s)θ(α)a−Ne
−iNθr−ξe
Mω
2
r2r
− 1
2
„
k
2
out
Mω
+1−ξ
«
+ θ(s)θ(−α)a−N−1e
−i(N+1)θrξ−1e
Mω
2
r2r
− 1
2
„
k
2
out
Mω
+ξ
«
, (34)
where θ(x) is the Heaviside step function and am is a constant.
The last expression is exponentially divergent. The divergence cannot be avoided except
by putting the parameter [12] a = −n, with n = 0, 1, 2, ...., thus transforming the series into a
polynomial of degree n (Laguerre polynomials). Hence
ψ1(r, θ) =
+∞∑′
−∞
[
am,n r
|m+α|L|m+α|n (Mωr
2)e−
Mω
2
r2eimθ
]
+ θ(−s)θ(α)a−N,n r
−ξL−ξn (Mωr
2)e−
Mω
2
r2e−iNθ
+ θ(s)θ(−α)a−N−1,n r
ξ−1Lξ−1n (Mωr
2)e−
Mω
2
r2e−i(N+1)θ, (35)
where the constant am,n =
n!Γ(|m+α|+1)
Γ(|m+α|+1+n)
am.
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When the conditions (29)-(30) are not satisfied, the energy spectrum for the regular solution
is obtained from the condition
1
2
[
|m+ α|+ 1−
k2out
2Mω
]
= −n, (36)
thus, it follows from Eq. (36) that
E = ±
√
M2 + 2Mω [|m+ α|+ s (m+ α) + 2n]. (37)
The energy spectrum when the irregular solution occurs, for the first case (m = −N, N ≥ 0,
s = −1), is deduced from
1
2
[
1− ξ −
k2out
2Mω
]
= −n , (38)
then
E = ±
√
M2 + 4Mω [n− ξ]. (39)
For the second case (m = −N − 1, N + 1 ≤ 0, s = +1)
1
2
[
ξ −
k2out
2Mω
]
= −n, (40)
it follows that
E = ±
√
M2 + 4Mω [n+ ξ − 1]. (41)
We remark that the energy levels given by Eqs. (39)-(41) depend only on the AB parameter ξ
defined by Eq. (32).
The lower component ψ2 can be computed from Eq. (6)
Eψ =
[
βγrπr + βγ
θπθ − iMωβγ
rrβ + βM
]
ψ, (42)
where
γr = γ1 cos θ + γ2 sin θ, (43)
γθ = −γ1 sin θ + γ2 cos θ. (44)
This leads to two first-order coupled differential equations
 Eψ1 = Mψ1 + e
−isθ (πr − isπθ + iMωr)ψ2
Eψ2 = e
isθ (πr + isπθ − iMωr)ψ1 −Mψ2
(45)
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The second equation in the set of Eqs. (45) leads to
ψ2 =
−i
(E +M)
eisθ
(
d
dr
− s
1
r
1
i
d
dθ
− s
α
r
+Mωr
)
ψ1. (46)
Using the relation
dLµn(Mωr
2)
dr
= −2MωrLµ+1n−1
(
Mωr2
)
, n ≥ 1, (47)
and substituting Eq. (35) into Eq. (46) one obtains
ψ2 =
−ieisθe−
Mω
2
r2
(E +M)
{ +∞∑′
m=−∞
am,n
[
[µ− s (α +m)] rµ−1Lµn(Mωr
2)− 2Mωrµ+1Lµ+1n−1(Mωr
2)
]
eimθ
+ θ(−s)θ(α)a−N,n
[
[−ξ + s (N − α)] r−ξ−1L−ξn (Mωr
2)− 2Mωr−ξ+1L−ξ+1n−1 (Mωr
2)
]
e−iNθ
+ θ(s)θ(−α)a−N−1,n
[
[ξ − 1− s (N + 1)− sα] rξ−2Lξ−1n (Mωr
2)
− 2MωrξLξn−1(Mωr
2)
]
e−i(N+1)θ
}
, (48)
where µ = |m+ α| .
3 Analysis of energy spectrum
Let us discuss the energy spectrum corresponding to the regular solution, i.e.
E = ±
√
M2 + 2Mω [|m+ α|+ s (m+ α) + 2n]. (49)
From this relation, it is clear that the energy spectrum depends on the spin projection and the
AB magnetic flux parameter. Two cases have to be distinguished:
(a) For m+ α > 0, Eq. (49) becomes
E = ±
√
M2 + 2Mω [(m+ α) (s+ 1) + 2n]. (50)
For s = 1, it is to be noted that every state with (m,n ) has the same energy as that of a state
with (m∓ ℓ, n± ℓ) where ℓ is an integer. For s = −1, the energy depends only on the natural
number n.
(b) For m+ α < 0, Eq. (49) becomes
E = ±
√
M2 + 2Mω [(m+ α) (s− 1) + 2n]. (51)
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For s = −1, we observe that every state with (m,n ) has the same energy as that of a state
with (m± ℓ, n± ℓ) where ℓ is an integer. For s = 1, the energy depends again only on the
natural number n.
On the other hand, we note that the energies Eqs. (39)-(41) corresponding to the two cases
when the irregular solution occurs are not degenerated.
3.1 Nonrelativistic limit
Let us now examine the nonrelativistic limit of Eq. (11) by setting E = M + ǫ, and considering
ǫ << M , so that E2 ≈M 2 + 2M ǫ, we obtain{ π2
2M
+
1
2
Mω2r2 − ω[1− s(Lz + α)]σ
3 − s
e
2M
Hσ3
}
ψ = ǫψ, (52)
it is worth noting that Eq. (52) corresponds to the Pauli equation of a 2D harmonic oscillator
with an additional spin-orbit term. Then, it reads in coordinates representation{
1
r
∂
∂r
r
∂
∂r
+
1
r2
(
∂
∂θ
+iα)2−M2ω2r2+2Mǫ+2Mω[1−s(Lz+α)]σ
3−
αs
R
δ(r−R)σ3
}
ψ = 0. (53)
By using similar steps as in the relativistic case, the shifted energy levels ǫ+ ω for the regular
solution of Eq. (53) are
ǫ+ ω = ω [2n+ 1 + |m+ α|+ s (m+ α)] , with n = 0, 1, 2, . . . (54)
If we drop out the energy related to the spin-orbit coupling term s (m+ α) from Eq. (54),
the obtained energy coincide with the result given in the first equation of the set (54) of Ref.
[13].
For spinless particles and in absence of the AB effect (α = 0), we find the energy levels of
the circular oscillator [14] shifted by constant value ω.
For the two cases when the irregular solution occurs, we find
ǫ+ ω = ω [2n + 1− |m+ α|+ s (m+ α)] , (55)
this result can be written explicitly in term of the parameter ξ as
ǫ+ ω = ω [2n+ 1− 2ξ] , for m = −N , N ≥ 0 and s = −1, (56)
ǫ+ ω = ω [2n− 1 + 2ξ] , for m = −N − 1, N + 1 ≤ 0 and s = +1, (57)
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where 0 ≤ ξ < 1.
It is interesting to note that if we drop out the energy related to the spin-orbit coupling
term s (m+ α) from Eq. (55), the obtained energy coincide with the result given in the second
equation of the set (54) of Ref. [13], i.e.
ǫ+ ω = ω [2n+ 1− |m+ α|] , (58)
which is valid only for (m = −N , N ≥ 0 and s = −1) or for (m = −N −1, N +1 ≤ 0 and
s = +1). Eq. (58) can be also written explicitly in term of the parameter ξ as
ǫ+ ω = ω [2n+ 1− ξ] , for m = −N , N ≥ 0 and s = −1, (59)
ǫ+ ω = ω [2n+ ξ] , for m = −N − 1, N + 1 ≤ 0 and s = +1. (60)
4 Conclusion
In this paper, we have found the bound states and corresponding eigenfunctions of a 2D Dirac
oscillator in the presence of the Aharonov-Bohm effect . The energy levels depends on the spin
of particle and the AB magnetic flux parameter. It is shown that the energy spectrum can takes
particular values due to the singular solution. These values (for fixed spin projection) depend
only on the AB magnetic parameter ξ. Both energy levels of regular and irregular solutions
may indicate more information on the role the magnetic vector potential. The nonrelativistic
limit is also deduced.
”The calculations presented here is another detection of an important role for the solutions
of the wave equation which are singular at the origin. It is in fact very tempting to make the
general observation that the rejection of singular wave functions basing on their singularity
should be viewed with some suspicion” [15].
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